Background: Isoscalar monopole transition has been suggested as a key observable to search for exotic cluster states. Recently, the excited 0 + states with strong isoscalar monopole transition strengths are experimentally reported in 24 Mg, but their structures are unrevealed because of the lack of theoretical analysis. 
Introduction.-Clustering is a fundamental degree-offreedom of nuclear excitation. According to Ikeda threshold rule [1] , the appearance of various cluster states is expected near the cluster decay thresholds. Clustering of p shell nuclei has long been studied and well established [2, 3] including the dilute gas-like α-cluster state of 12 C(0 + 2 ) [4] [5] [6] [7] [8] [9] . On the other hand, in the mid sd-shell nuclei, the existence of cluster states is not well established, although many interesting phenomena can be expected. For example, in the case of 24 Mg, a variety of exotic cluster states is expected: In addition to the ordinary α cluster state ( 20 Ne+α), 12 C+ 12 C molecular states of astrophysical interest [10] [11] [12] [13] [14] [15] [16] [17] [18] , 16 O+2α clustering [19] [20] [21] [22] and 6α condensation [7, 23, 24] are theoretically discussed. However, their high excitation energies make it difficult to identify them experimentally.
In this decade, it is found that the isoscalar (IS) monopole transition strengths between the ground and excited cluster states are considerably enhanced, and hence, it can be a good probe for highly excited cluster states. The discussion was initiated by T. Kawabata [25] and Y. Kanada-En'yo [26] on the enhanced IS monopole transition of 11 B between the shell model like ground state and the 3/2 − 3 state with pronounced 2α + t cluster structure. T. Yamada et al. [27, 28] proved the mechanism of the enhanced IS monopole transition using cluster-model wave function. The ingredient of the enhancement is the fact the ground state has "duality nature" of the mean-field and clustering [29, 30] . The duality nature implies that the degrees-of-freedom of cluster excitation is embedded in the ground state even if it has a pure shell-model structure. It was shown that the IS monopole transition operator can activate this degreesof-freedom of clustering. As a result, the excited cluster states can be strongly populated by the IS monopole transitions. In fact, the enhancements of IS monopole transition strengths are observed in p-shell nuclei such as 11 Recently, the excited 0 + states with strong isoscalar monopole transition strengths are experimentally reported in 24 Mg [33] , but their structures are ambiguous. Therefore, in this study, we aim to clarify the relationship between those excited 0 + states and clustering. For this purpose, we calculate the excited 0 + states of 24 Mg and investigate their clustering and IS monopole transition strengths from the ground state by the antisymmetrized molecular dynamics (AMD), which has successfully described a variety of structure of p-sd-pf -shell nuclei [35] [36] [37] including of the low-lying states of 24 Mg [38] . To describe the cluster states and single-particle states including giant monopole resonance (GMR) simultaneously, we introduce the constraint on the harmonic oscillator quanta and perform the generator coordinate method (GCM) with a large number of basis wave functions.
Formalism.-We employ the microscopic Hamiltonian,
wheret c.m. ,v N andv C stand for the center-of-mass kinetic energy, Gogny D1S effective NN interaction [39] and the Coulomb interaction approximated by a sum of seven Gaussians, respectively. The AMD variational wave function used in this study is an antisymmetrized product of the single particle wave packets projected to the positive-parity state,
where the single-particle wave packet ϕ i is represented by a deformed Gaussian wave packet [40] , and the variational parameters ν σ , Z i , a i and b i are determined by the energy variation.
To deal with the low-lying quadrupole collective states and highly excited cluster states simultaneously, we introduce two different constraints in the energy variation. The first is imposed on the nuclear quadrupole deformation parameters β and γ to describe the low-lying collective states, and we denote the set of the wave functions obtained with this constraint as Φ + βγ . As the second constraint, we extend the method used in Ref. [41] and impose the constraint on the expectation values of the harmonic oscillator quanta N x , N y and N z , which are defined as the eigenvalues of the 3 by 3 matrix,
Here a τ (i) is an ordinary annihilation operator of the harmonic oscillator acting on the ith nucleon, and the oscillator parameterhω is estimated from the ground state radius and set to 12.6 MeV. As a measure of the particle-hole excitation, we introduce the quantity ∆N = N x + N y + N z − N 0 where N 0 is the lowest Pauli-allowed value equal to 28. Under the condition of the ∆N = 0, 2, 4, 6 or 8, we put the constraints for all possible even integer values of N x , N y and N z . In other words, roughly speaking, we searched for the various many-particle-hole configurations within 8hω excitation. We denote thus-obtained set of the wave functions as Φ + ∆N . We further introduce an additional set of the basis wave functions Φ + IS0 defined as,
where µ is arbitrary small real number,Ô IS0 is the IS monopole operator and r c.m. is the center-of-mass coordinate. By definition, the set of the wave functions Φ + IS0
describes 1p1h (2hω) excited states built on Φ + βγ by the IS monopole operator. The similar method was also used in Ref. [42] .
Those three sets of wave functions Φ are projected to the J π = 0 + and superposed to describe various 0 + states from the low-lying to the highly excited states (GCM),
where P J=0 is the projector to J = 0 state. We superposed 524 basis wave function Φ + i in total, and solved the Hill-Wheeler equation to obtain the eigenenergies E n and wave functions Ψ 0 + n of the ground and excited 0 + n states. To discuss the intrinsic structure of the 0 + states, we also calculate the overlaps between each 0 + state and the basis wave functions,
Using the wave functions of the ground and excited 0 + states directly, we derived the IS monopole matrix elements M n (IS0), reduced transition strengths B(IS0), strength function S(E x ) and the energy non-weighted and weighted sums m k with k = 0, 1, 3,
B(IS0; g.s. → 0
where E ′ n stands for the excitation energy of the nth 0
. Results of the energy variation.- Figure 1 (a) and (b) show the typical configurations obtained by the constraint on the quadrupole deformation. After the GCM calculation, they become the dominant component of the ground and 0 + 2 states, respectively. The centroids of the Gaussian wave packets are gathered around the centerof-mass, describing triaxially deformed mean-field configuration. As already discussed in our previous work [38] , the constraint on the quadrupole deformation generates deformed mean-field configurations [43, 44] , but no cluster configuration. The use of the constraint on the harmonic oscillator quanta generates various kind of cluster configurations as well as single-particle excited configurations with approximate ∆Nhω excitations which lie energetically above the energy surface of Φ βγ and are not accessible by the constraint on the quadrupole deformation. The panels 12 C+ 12 C cluster states with ∆N = 6, 6 and 8, respectively. They have different orientations of the oblately deformed 12 C clusters, and inter-cluster distances are 3.5, 3.5 and 4.0 fm. By further increase of ∆N , very exotic cluster structure composed of 6α particles appears. A typical example is shown in the panel (h) which was obtained by the constraint of ∆N = 8. In this configuration, centroids of Gaussians describing 5α clusters locate at the vertex of a pentagon with side of 1.5 fm, and the last α cluster is 0.25 fm above it. After the GCM calculation, this kind of 5α-pentagon + α configurations generate two 0 + states above 20 MeV. Thus, by increasing the number of particle-hole, 24 Mg is clustered as illustrated in Ikeda diagram [1] .
IS monopole transition strengths.-The ground and excited 0 + states are calculated by the GCM with three different basis sets (a) Φ βγ (b) Φ βγ + Φ IS0 (c) Φ βγ + Φ IS0 + Φ ∆N . The IS monopole transition strengths derived from these GCM wave functions are shown in Fig.  2 , and their energy weighted sums and the centroid energies of GMR are summarized in Tab. I. With only the basis set Φ βγ , the strength function ( Fig. 2 (a) ) fails to describe GMR, and the energy weighted sum m 1 amounts to only 35% of the sum rule (EWSR). Addition of the basis set Φ IS0 (Fig. 2 (b) ) greatly improves m 1 value (116% of EWSR), but overestimates the observed GMR centroid energy [45] [46] [47] because the GMR strength distributes widely in the region of E x > 30 MeV. The inclusion of the basis set Φ ∆N yields the reasonable strength function as shown in Fig. 2 (c) . Namely various cluster and single-particle states with ∆Nhω excitation described by Φ ∆N lower the GMR position and enhance its strength. As a result, the strength function exhausts approximately 100% of EWSR and plausibly agrees with the experimental energy weighted sum and the GMR centroid energy observed in the energy range of E x = 9 − 40 MeV. It is also noted that the quasi-particle random phase approximation (QRPA) with Gogny D1S interaction [39] also yielded similar values and qualitatively agrees with our results and experiment with respect to the global structure of GMR.
From the comparison between the strength functions shown in Fig. 2 (b) and (c), we also see that not only the GMR strength (E x > ∼ 18 MeV) but also the lowlying structure (E x < ∼ 18 MeV) of the strength function is largely modified by the basis set Φ ∆N . For example, note that the prominent peak at 15.3 MeV in Fig. 2 (c) is completely missing in Fig. 2 (b) . Based on the analysis of the wave functions corresponding to those peaks, we conclude that several prominent peaks are attributed to the cluster configurations and suggest that the cluster states shown in Fig. 1 can be populated and observed by their enhanced IS monopole transition strengths. To see this point, we discuss the structure of the 0 + states relevant to the prominent peaks in S(E x ) in the following.
Cluster states and their transition strengths.-The ground state is dominated by the mean-field structure and has the largest overlap (0.93) with the wave function shown in Fig. 1 (a) . However, at the same time, it also has non-negligible overlaps with the cluster wave functions. It has 0.26 and 0.40 overlaps with 20 Ne+α and 12 C+ 12 C cluster states shown in Fig. 1 (c) and (e), respectively. This result means following two points. The first is that the cluster correlation exists even in the ground state. The binding energy of the ground state increases from 198.3 MeV to 199.2 MeV by including Φ ∆N which indicates that the additional binding energy of 0.9 MeV is brought about by the cluster correlation. Secondly, it shows that the ground state has "duality nature" of the mean-field and clusters and that the degrees-offreedom of cluster excitation are embedded in the ground state. This is an essential ingredient for the discussion of the IS monopole transition from the ground to the excited cluster states [27] .
By including Φ ∆N , the low-lying mean-field states (the excited states having E x < 15 MeV in Fig. 2 (b) ) are strongly mixed with 20 Ne + α and 12 C+ 12 C cluster states and constitute the low-lying prominent peaks at 9.3, 11.7 and 13.2 MeV in Fig. 2 (c) , which correspond to the 0 2 state which appears as the lowest peak at 9.3 MeV has the largest overlap (0.36) with the mean-field configuration of Fig. 1 (b) which has larger quadrupole deformation parameter β than the ground state. It can be regarded as the β-band built on the ground band, and hence, has large IS monopole transition strength as listed in Tab. II. However, it also has 0.32 overlap with the 20 Ne + α cluster configuration shown in Fig. 1 (c) . Owing to this cluster correlation, it gains additional binding energy of 1.8 MeV which reduces the excitation energy from 10.2 MeV to 9.3 MeV. The 20 Ne+α cluster structure also constitute the 0 + 5 state at 11.7 MeV by the mixing with mean-field structure. It has the largest overlap (0.30) with the configuration of the 20 Ne+α cluster configuration shown in Fig. 1 (d) and the comparable overlap (0.25) with the mean-filed wave function with (β, γ) = (0.4, 57
• ) in Φ βγ . The 12 C+ 12 C cluster configurations dominantly contribute to the 0 • ), respectively. In contrast to the above mentioned states, the 0 + 8 state at 15.3 MeV, which is close to the 12 C+ 12 C cluster decay threshold energy, is governed by the 12 C+ 12 C cluster configurations. It has 0.14 0.11 0.18 overlaps with the configurations of Fig. 1 (e) , (f) and (g). The overlaps with other configurations are less than 0.09. The 0 + 8 state has strong IS monopole transition strength and 6.4 % of EWSR. It is noted that this state is completely missing in Fig. 2 (a) , (b) and looks also missing in the QRPA calculation [48] , which is consistent with its strong 12 C+ 12 C cluster nature. Very interestingly, the 0 + state 12 C molecular resonances of astrophysical interest, for which we will discuss in detail in our forthcoming paper.
Adding to those clusters, the 5α-pentagon+α cluster states appear as the 0 Fig. 1 (h) . It also has non-negligible overlap (0.20) with the single-particle excited configuration described by Φ IS0 . The 0 + 24 state has the largest overlap (0.26) with the similar configuration to that of Fig. 1 (h) and has rather minor contributions from other configurations. One may attempt to associate these 5α-pentagon+α cluster states with dilute 6α gas state anal-ogous to the Hoyle state of 12 C(0 + 2 ). Indeed, the recent Hatree-Fock-Bogoliubov calculation showed the possible existence of dilute nα cluster states at very low density in N = Z nuclei [24] . However, we conclude that the calculated 0 + 15 and 0 + 24 states do not correspond to dilute α gas state suggested by the HFB calculation according to the following reasons. First, the radii of those states are not large enough to be a dilute α gas state and much smaller than those of Ref. [24] . Second, they are much more deeply bound compared to E x = 80 MeV reported in Ref. [24] . Since AMD is free from the spurious center-of-mass kinetic energy and the parity and angular-momentum projections are correctly performed, the excitation energies of cluster states are greatly reduced. In addition, the present 0 + 15 and 0 + 24 states are rather compact and have non-negligible interaction energies between α clusters. Therefore, we conclude that those states have cluster structure but do not have dilute gas nature. We conjecture that dilute 6α gas state will appear at higher excitation energy and to describe it, we will need to enlarge ∆N in order to include more spatially extended 6α configurations. Nevertheless, we emphasize that the exotic α cluster states are firstly obtained without a priori assumption on clustering in this study and it is shown that they are experimentally accessible via IS monopole transition from the ground state. Although they are embedded in the GMR energy region, we expect that they can be experimentally identified by their decay mode, because different from GMR, they will selectively decay through α particle emission.
Conclusions.-In summary, we investigated the structure of the excited 0 + states of 24 Mg and their IS monopole transition strengths based on AMD. The mean-field and cluster configurations of 24 Mg were obtained by the energy variation. In particular, by using the constraint on the harmonic oscillator quanta, the 20 
Ne+α,
12 C+ 12 C, and 5α-pentagon+α cluster configurations were obtained without any a priori assumption on clustering. In addition, 1p1h (2hω) excited configurations built by the IS monopole operator were also introduced as the basis wave functions of GCM. With these basis wave functions, the calculated 0 + states yielded reasonable IS monopole strength function. Namely, they exhausted almost 100 % of EWSR and reproduced the observed centroid energy of GMR. The result is also consistent with the QRPA calculation.
We have shown that the several excited 0 + states with the enhanced IS monopole transitions are associated with 20 [33] . Furthermore, we predicted that the 5α-pentagon+α cluster states appear in the GMR energy region. Even though they do not correspond to the dilute 6α gas state, it is emphasized that the exotic α cluster states were firstly obtained without any a priori assumption on clustering and were shown to to be experimentally accessible via IS monopole transition from the ground state. We expect that the detailed comparison with the latest experimental data will reveal the exotic clustering of 24 Mg.
